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Abstract Gazeau-Klauder coherent states are developed for power-law potentials and their
evolution in space and time is analyzed. We show that these states follow classical dynamics
as long as the underlying energy spectrum is linear, otherwise they follow a classical-like
evolution upto a few classical periods and disperse thereafter, despite its special construc-
tion. Auto-correlation function and probability density as a function of space and time ex-
plain the spatio-temporal behavior of these states.
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1 Introduction

In 1926 Erwin Schrödinger attempted to build quantum mechanical states which follow clas-
sical trajectories and obey minimum uncertainty relationship, i.e., nondispersive wave pack-
ets [1]. He succeeded for the harmonic oscillator, obtaining for the first time a one-to-one
correspondence between wave packet and classical particle. In 1963, the ground breaking
work of Roy Glauber, in the context of quantum theory of light, introduced electromagnetic
field states which resemble the classical field [2–4], and named them coherent states (CS).
Glauber introduced three definitions of coherent states: (i) the coherent states |z〉 are the

S. Iqbal (�) · F. Saif
Department of Electronics, Quaid-i-Azam University, Islamabad 45320, Pakistan
e-mail: sic80@hotmail.com

F. Saif
e-mail: farhan.saif@fulbrightmail.org

S. Iqbal · P. Rivière
Max-Planck Institute for the Physics of Complex Systems, Nöthnitzer Straße 38, 01187 Dresden,
Germany

mailto:sic80@hotmail.com
mailto:farhan.saif@fulbrightmail.org


Int J Theor Phys (2010) 49: 2540–2557 2541

eigen states of the harmonic oscillator annihilation operator; (ii) they are states generated by
the action of unitary z-displacement (z ∈ C) on the vacuum state of the harmonic oscillator;
and (iii) they are the quantum states which minimize the uncertainty relation. These states
are associated with the Heisenberg-Weyl algebra in terms of the harmonic oscillator anni-
hilation and creation operators. These three definitions are equivalent and the so obtained
coherent state possesses a special set of properties, such as (a) continuity in parameters; (b)
resolution of unity; and (c) minimizing the uncertainty relationship, which remains mini-
mum under time evolution [2–4]. Nondispersive quantum states for more general physical
systems, however, remained a dream of Erwin Shrödinger.

Because of their abundant applications [5–8], there have been continuous efforts to ex-
tend the notion of coherent states to other general physical systems. The early generaliza-
tions were based on group theoretic approaches and CSs have been constructed for a variety
of algebraic groups, such as Lie groups SU(1,1) [9] and non-compact groups SO(2,1) [10,
11] following definitions (i) and (ii), respectively. The CSs based on such generalizations
are continuously parameterized and admit the resolution of unity, which are two main char-
acteristics of Glauber’s CS.

In 1996 Klauder suggested a new type of coherent states suitable for systems with degen-
erate discrete spectra (i.e. the hydrogen atom) without an explicit dependence on any group
structure [12]. In Klauder’s opinion, these states possess the properties of Glauber’s CS, as
expressed above, hence, the long-standing problem of finding nondispersive wave packets
for hydrogen atom, was considered as solved. In [13] it is shown that these Klauder states
are dispersive in nature for the hydrogen atom.

Gazeau and Klauder extended the idea of temporally stable CSs for non-degenerate dis-
crete and continuous spectra [14]. This formalism attracted much more attention due to
its independence on the groups, and these coherent states have been built for a variety of
Hamiltonian systems, such as, the pseudoharmonic oscillator [15], the Morse potential [16,
17], the Pöschl-Teller potential and the infinite square well [18], and one-mode systems
with periodic potentials [19]. The present work is focussed on Gazeau and Klauder coherent
states (GK CSs) in a general class of one-dimensional potentials known as power-law poten-
tials and on their dynamical characteristics. Power-law potentials (PLPs) are categorized as
loosely binding potentials and tightly binding potentials, and the harmonic potential serves
as a boundary between them [20]. We analyze the temporal evolution of GK CSs on the
basis of the underlying energy spectrum of the physical system by means of the autocor-
relation function and the probability density function. We show that: (i) these states evolve
in time without dispersion as long as the underlying energy spectrum is linear; (ii) they
otherwise disperse and exhibit quantum features such as quantum revivals and fractional
revivals; (iii) non-trivial space-time dynamics results the formation of quantum carpets [21,
22]; and (iv) the special construction of quantum states following GK CSs formalism does
not overcome the inherent dispersion of dynamical system with nonlinear energy spectrum.

The paper is organized as follows: In Sect. 2, we briefly describe PLPs and their under-
lying energy spectra. In Sect. 3, we construct GK CSs for power-law potentials and discuss
their basic characteristics. In Sect. 4, we analyze the temporal evolution of GK CSs. We
discuss the harmonic oscillator, the infinite square well and triangular well potential as ex-
amples of the power-law potentials.

2 General Power-Law Potentials (PLPs)

A general class of potentials, defined by the power-law exponent, may effectively be di-
vided into two types: loosely binding potentials, for which the energy level spacing re-
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duces with increasing quantum number; and, tightly binding potentials, for which the en-
ergy level spacing increases with increasing quantum number [20]. The general form of the
one-dimensional power-law potentials is [23]

V (k)(x) = V0

∣
∣
∣
∣

x

a

∣
∣
∣
∣

k

, (1)

where, V0 and a are constants, respectively, with dimensions of energy and length. The
power-law exponent k determines the type of potential, hence, for k > 2, we find tightly
binding potentials, and k < 2 corresponds to loosely binding potentials, whereas, the har-
monic oscillator potential appears for k = 2 and thus separates the two kind of potentials.
The corresponding general Hamiltonian, becomes

Ĥ (k) = p̂2

2m
+ V̂ (k)(x), (2)

which obeys the eigenvalue equation

Ĥ (k)|n〉 = E(k)
n |n〉, n ≥ 0. (3)

The eigenenergies, E(k)
n , can be obtained within the WKB approximation [20, 23], such that,

E(k)
n = ω(k)

(

n + γ

4

)2k/(k+2)

, (4)

where

ω(k) =
[

�π

2a
√

2m
V

1/k

0

�(1/k + 3/2)

�(1/k + 1)�(3/2)

]2k/(k+2)

, (5)

has dimensions of energy for any particular value of k. The eigenenergies in (4) do indeed
give the large n behavior of symmetric one-dimensional PLPs. Here, γ is the Maslov index,
which accounts for boundary effects at the classical turning points [20]. In order to gain
insight into the structure of the energy spectrum given by (4), we take the energy difference
between any two adjacent levels,

�E(k)
n = E(k)

n − E
(k)

n−1 = ω(k)

(
2k

k + 2

)(

n + γ

4

) k−2
k+2

. (6)

Equation (6) shows that for k = 2, �E(k)
n does not depend on n, so the energy spectrum is

equally spaced. For k > 2, the energy difference between adjacent levels increases with n

(tightly binding potentials), while for k < 2, it decreases with n (loosely binding potentials).
The general Hamiltonian Ĥ (k) is rewritten as

Ĥ (k) = ω(k)X̂
(k)
N , (7)

where, ω(k) is defined in (5) and X̂
(k)
N follows the eigenvalue equation

X̂
(k)
N |n〉 = e(k)

n |n〉. (8)
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The dimensionless eigenvalues are obtained as

e(k)
n = E(k)

n − E
(k)

0

ω(k)
=

(

n + γ

4

)2k/(k+2)

−
(

γ

4

)2k/(k+2)

, (9)

which are increasing function of n, such that, e
(k)

n+1 > e(k)
n , with e

(k)

0 = 0.

Equation (1) defines the harmonic oscillator potential for k = 2 (with V0/a
2 = m�2/2)

and the infinite square well potential for k → ∞ (any V0), which is an example of tightly
binding potentials. The corresponding eigenenergies are, respectively

E(2)
n = ��

(

n + 1

2

)

,

and

E(∞)
n = �

2π2

8a2m
(n + 1)2,

Here, the Maslov index γ takes the values, such that, γ = 2 for the harmonic oscillator, and
γ = 4 for the infinite square well [20].

A quantum bouncer or triangular well potential [24, 25], being the example of loosely
binding potentials, is defined for k = 1, that is

V (x) = mgx, x > 0

= ∞, x ≤ 0. (10)

The solutions to the corresponding time independent Schrödinger wave equation [24, 25],
are displaced Airy functions, that is, ψn(ζ ) = Nn Ai(ζ − ζn), where Nn is the normalization
factor, and ζ = x/x0, where x0 = (�2/2gm2)1/3. Moreover, ζn = En/(mgx0), is the n-th
negative zero of the Airy function, with n = 1,2,3, . . . , and, ζn > 0. Applying the boundary
condition, that is, ψn(0) = Ai(−ζn) = 0 at ζ = 0, we find zeros ζn, and the normalization
factor, Nn [24, 25], as

ζn =
[

3π

2

(

n − 1

4

)]2/3

, (11)

and

Nn =
[

2

3

π2

(n − 1/4)

]1/6

. (12)

We find the eigenenergy in terms of physical parameters as

En = ω0

(

n − 1

4

)2/3

, (13)

where, ω0 = (3
√

m�gπ/2
√

2)2/3. It is interesting to note that at large n, (4) is completely
equivalent to (13) for k = 1 and V0/a = mg as we replace 2a by a due to truncation of the
symmetric power-law potential at x = 0.
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3 GK Coherent States for PLPs

The Gazeau and Klauder formalism [14] to construct coherent states of Hamiltonians with
discrete and non-degenerate energy spectra without any explicit dependence on group prop-
erties is based on two real parameters, J and θ , with J ≥ 0 and −∞ < θ < ∞. For general
power-law potentials, GK CSs have the form,

∣
∣(J, θ)(k)

〉 = 1
√

N(k)(J )

∞
∑

n=0

J
n
2 e−ie

(k)
n θ

√

ρ
(k)
n

|n〉. (14)

The coherent states are based on eigenenergies obtained via WKB method given in (4). The
quantity ρ(k)

n is defined in terms of e(k)
n , given by (9), so that

ρ(k)
n ≡

n
∏

j=1

e
(k)
j =

n
∏

j=1

[(

j + γ

4

)2k/(k+2)

−
(

γ

4

)2k/(k+2)]

. (15)

Following Gazeau and Klauder’s definitions, CSs display the characteristics [12, 14] of
(a) normalization; (b) continuity in J and θ ; (c) resolution of unity; (d) action identity,
and (e) temporal stability. In our latter discussion we explain these characteristics for the
GK CSs given in (14): The normalization condition 〈(J, θ)(k)

∣
∣(J, θ)(k)〉 = 1 provides the

normalization constant as

N(k)(J ) =
∞

∑

n=0

J n

ρ
(k)
n

. (16)

Furthermore, the overlap of two GK CSs can be written as

〈

(J ′, θ ′)(k)|(J, θ)(k)
〉 = 1

√

N(k)(J ′)
√

N(k)(J )

∞
∑

n=0

(J ′J )n

ρ
(k)
n

e−i(θ−θ ′)e(k)
n .

The continuity in two labels J and θ follows from the continuity of the overlap 〈(J ′, θ ′)(k)|
(J, θ)(k)〉, because

∥
∥
∣
∣(J, θ)(k)

〉 − ∣
∣(J ′, θ ′)(k)

〉∥
∥

2 = 2
[

1 − Re
〈

(J ′, θ ′)(k)
∣
∣(J, θ)(k)

〉]

(17)

approaches zero as (J ′, θ ′) → (J, θ).

However, for the resolution of unity, we take an integration measure dμ(J, θ) [14], such
that,

∫

dμ(J, θ)
∣
∣(J, θ)(k)

〉〈

(J, θ)(k)
∣
∣ = lim

�→∞
1

2�

∫ R

0
dJh(J )

∫ �

−�

dθ
∣
∣(J, θ)(k)

〉〈

(J, θ)(k)
∣
∣, (18)

where h(J ) is defined [14] as

h(J ) = N(k)(J )w(k)(J ), 0 ≤ J < R,

which is specified by a proper choice of the probability distribution function, wk(J ). The
range of allowed values of J , i.e., 0 ≤ J < R, is determined by the radius of convergence,

R = lim
n→∞

n

√

ρ
(k)
n = ∞,
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for k > 0. In order to calculate the resolution of unity, integration over θ , in (18), provides

lim
�→∞

1

2�

∫ �

−�

(.)dθ = δ
e
(k)
n ,e

(k)
m

,

which can be identified with the Kronecker delta δn,m, due to the non-degeneracy of the
energy spectrum [14]. Therefore, we write (18) as

∫

dμ(J, θ)
∣
∣(J, θ)(k)

〉〈

(J, θ)(k)
∣
∣ = I

=
∞

∑

n=0

1

ρ
(k)
n

{∫ ∞

0

h(J )

N(k)(J )
J ndJ

}

|n〉〈n|,

provided there is a function w(k)(J ) which satisfies

∫ ∞

0
J nw(k)(J )dJ = ρ(k)

n . (19)

The positive constants ρ(k)
n are then power moments of the function w(k)(J ). For an appro-

priate choice of w(k)(J ) [26], the integral in (19) becomes a Stieltjes moment problem that
can be solved using Mellin and inverse Mellin transformations.

The action identity is obtained from (9) and (15),

〈

(J, θ)(k)
∣
∣Ĥ

∣
∣(J, θ)(k)

〉 = ω(k)

N(k)(J )

∞
∑

n=0

J n

ρ
(k)
n

e(k)
n = ω(k)J,

where we have used [14] ρ
(k)

0 = 1.

4 Spatio-Temporal evolution of GK CSs in PLPs

The coherent states of the harmonic oscillator [1–4] are purely quantum mechanical in con-
struction, but close to classical in behavior as they follow classical trajectories in their time
evolution. The question whether this behavior can be generalized to coherent states for gen-
eral potentials has historically aroused a great interest. In order to answer the question we
study the time evolution of GK CSs for PLPs and explain our analytically and numerically
obtained results. We write the time evolution operator for these states as

Û (t) = exp[−iω(k)X̂
(k)
N t]. (20)

The time evolution operator transforms the states from an initial time i.e., t0 = 0 to any latter
time, t , such that

Û (k)(t)
∣
∣(J, θ)(k)

〉 = ∣
∣(J, θ)(k), t

〉

.

We may express the time evolved states |(J, θ)(k), t〉 as

∣
∣(J, θ)(k), t

〉 = 1
√

N(k)(J )

∞
∑

n=0

J
n
2 e−ie

(k)
n (θ+ω(k)t)

√

ρ
(k)
n

|n〉. (21)
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For the special case, in which e(k)
n has linear dependence on the quantum number, n, i.e.,

e(k)
n ∝ n, the time evolution of the coherent states |(J, θ)(k)〉 reduces to a rotation in complex

plane,

Û (k)(t)
∣
∣(J, θ)(k)

〉 = ∣
∣(J, θ)(k)e−iω(k)t

〉

,

thus the time evolved coherent state, |(J, θ)(k), t〉, is the same coherent state with a dif-
ference of a constant phase [1–4]. However, in general, the nonlinear dependence of the
eigenenergy e(k)

n on quantum number, n, causes a transition to non-classical phenomena,
such as, quantum revivals and fractional revivals, during the time evolution of GK CSs. The
time evolution of these states, as defined by the time evolution operator in (20), is explained
using the auto-correlation function [27], that is,

A(t) = 〈

(J, θ)(k)
∣
∣e−iω(k)X̂

(k)
N

t
∣
∣(J, θ)(k)

〉

. (22)

In order to calculate the auto-correlation function we use (8) and (14) to get

A(t) =
∞

∑

n=0

∣
∣c(k)

n

∣
∣
2
e−iε

(k)
n t ,

where, ε(k)
n ≡ ω(k)e(k)

n , and the weighting distribution |c(k)
n |2 is

∣
∣c(k)

n

∣
∣
2 ≡ ∣

∣
〈

n|(J, θ)(k)
〉∣
∣
2 = 1

N(k)(J )

J n

ρ
(k)
n

, (23)

which determines the initial localization of the GK CSs with mean value

〈n〉 ≡ 〈

(J, θ)(k)
∣
∣N̂

∣
∣(J, θ)(k)

〉 = 1

N(k)(J )

∞
∑

n=0

nJ n

ρ
(k)
n

, (24)

and spread �n = (〈n2〉 − 〈n〉2)1/2, where 〈n2〉 = 〈(J, θ)(k)|N̂2|(J, θ)(k)〉, and, N̂ is the num-
ber operator. It is important to note that, for a particular value of the exponent k, the weight-
ing distribution |c(k)

n |2 depends only on the parameter J , such that its mean value, 〈n〉, in-
creases with J as seen in Fig. 1 and vice versa. For our latter numerical calculations, we
choose four values of parameter J , such that the corresponding weighting distributions take
the mean value 〈n〉  5,10,15,30.

For GK CSs, initially narrowly peaked around the mean value 〈n〉, and with a spread
�n � 〈n〉, we use Taylor expansion for ε(k)

n around the mean quantum number, such that

ε(k)
n − ε

(k)
〈n〉 =

∞
∑

r=1

1

r!
∂rε(k)

n

∂nr

∣
∣
∣
∣
n=〈n〉

(n − 〈n〉)r , (25)

where each term defines a time scale [28, 29], that is,

T
(k)

(r) = 2π

(
1

r!
∣
∣
∣
∣

∂rε(k)
n

∂nr

∣
∣
∣
∣
n=〈n〉

)−1

. (26)

For r = 1,2,3 these time scales define classical period, quantum revival and super revival
times, respectively, written as T

(k)

(1) = T
(k)

cl , T
(k)

(2) = T (k)
rev , and T

(k)

(3) = T (k)
sr , such that, T

(k)

cl <
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Fig. 1 The weighting

distributions |c(k)
n |2 as given

in (23) are plotted as a function
of n for different values of J .
The values of J are so chosen
that distributions take the mean
〈n〉  5,10,15,30, respectively,
for (a) Harmonic oscillator
(k = 2) J = 5,10,15,30,
(b) infinite square well (k → ∞)
J = 38.05,125.6,263.1,975.61,
and (c) triangular well potential
(k = 1), J = 2.82,4.56,6.01,

9.61. In our numerical
calculations we have considered
the maximum value of quantum
number n as nmax = 100
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T (k)
rev < T (k)

sr [28, 29]. Hence, (5) and (9) lead us to calculate the classical period T
(k)

cl , the
quantum revival time T (k)

rev , and the super revival time T (k)
sr as

T
(k)

cl = π

ω(k)

∣
∣
∣
∣

(k + 2)

k

∣
∣
∣
∣

(

〈n〉 + γ

4

)−(k−2)/(k+2)

, (27)

T (k)
rev = 2π

ω(k)

∣
∣
∣
∣

(k + 2)2

k(k − 2)

∣
∣
∣
∣

(

〈n〉 + γ

4

)4/(k+2)

, (28)

T (k)
sr = 3π

2ω(k)

∣
∣
∣
∣

(k + 2)3

k(k − 2)

∣
∣
∣
∣

(

〈n〉 + γ

4

)(k+6)/(k+2)

. (29)

The quantum revival time T (k)
rev and super revival time T (k)

sr approach infinity for k = 2. There-
fore, the GK CSs for k = 2, which are precisely the coherent states of the harmonic oscil-
lator, follow classical trajectories only with a periodicity defined by classical time period,
T

(2)

cl : there is no dispersion. This nondispersive evolution, as depicted in Fig. 2, is due to the
fact that the energy levels are equally spaced. However, as exponent deviates from k = 2,
nonlinearity enters in the energy spectrum. In this situation, T (k)

rev takes a finite value, and the
GK CSs disperse during their time evolution. In general, we observe a collapse for GK CSs
when there is a total dephasing between the evolution of the different contributions to the
sum, and at T (k)

rev they tend to relocalize. The phenomena of collapse and revivals of GK CSs
are shown in Figs. 3 and 6 for k �= 2. Moreover, the classical period, T

(k)

cl , quantum revival
time, T (k)

rev , and super revival time T (k)
sr , reflect the dependence on parameter, J , through the

mean value, 〈n〉, as shown by (24) and (27–29).
In order to analyze the spatio-temporal evolution of GK CSs we study as well the prob-

ability density in space and time. The GK CSs display constructive and destructive interfer-
ence following the relation,

2 Re

[

1

N(k)(J )

∞
∑

m�=n

J
(n+m)

2
√

ρ
(k)
n ρ

(k)
m

ψ(k)
n (x)ψ∗(k)

m (x)e−i(e
(k)
n −e

(k)
m )(θ+ω(k)t)

]

,

where ψ(k)
n (x) are the eigenstates for power-law potentials defined in position space. The

space-time evolution of the probability density, hence, depend both on the nature of the
eigenstates ψ(k)

n (x) and on the structure of the energy spectrum e(k)
n of the physical system,

and therefore defines the interference behavior. A constant background independent of time
is obtained from

1

N(k)(J )

∞
∑

n=m

J n

ρ
(k)
n

∣
∣ψ(k)

n (x)
∣
∣
2
.

In the following we consider some particular cases of power-law potentials and discuss their
spatio-temporal evolution.

4.1 Harmonic Oscillator

For a power-law exponent k = 2, we find e(2)
n = n and ρ(2)

n = n!, from (9) and (15), respec-
tively. Thus the GK CS for the present obtained as,

∣
∣(J, θ)(2)

〉 = 1
√

N(2)(J )

∞
∑

n=0

J
n
2 e−inθ

√
n! |n〉, (30)
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Fig. 2 We show the space-time evolution of GK CS of harmonic oscillator, given in (30), for J = 5: (a) mod-
ulus square of autocorrelation function, |A(t)|2, given in (22), for (k = 2) as a function of time, t . (b) Contour

plot of probability density, P (2)(x, t) = |〈x|e−iω(2)X̂
(2)
N

t |(J, θ)(2)〉|2, as a function of space and time (x, t )

where the normalization constant N(2)(J ) is,

N(2)(J ) =
∞

∑

n=0

J n

n! , (31)

and the weighting distribution, given in (23), takes the form

|c(2)
n |2 = 1

N(2)(J )

J n

n! . (32)

A transformation from (J, θ ) to z, such that, z = √
Je−iθ , introduces a complete equivalence

between GK CS of the harmonic oscillator, given by (30), and Glauber’s CS [2–4]. In this
case, the normalization factor in (31) is N(2)(J ) = e|z|2 , and the weighting distribution in
(32) is |c(2)

n |2 = |z|2ne−|z|2/n! which is a Poisson distribution as for Glauber’s CS. The time
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evolution of GK CS for k = 2, as written in (30), is obtained as

∣
∣(J, θ)(2), t

〉 = 1
√

N(2)(J )

∞
∑

n=0

J
n
2 e−in(θ+ω(2)t)

√
n! |n〉

= ∣
∣(J, θ)(2)e−iω(2)t

〉

. (33)

In its time evolution, |(J, θ)(2), t〉 display a complete reconstruction at T
(2)

cl = 2π and no
dispersion takes place, as shown in Fig. 2. It is supported by our analytical calculations
which yield (from (27–29)) that T

(2)

cl = 2π , whereas, T (2)
rev = T (2)

sr = ∞. It is worth noting
that T

(2)

cl is independent of the mean value, 〈n〉 and, thus, it does not depend on J . The
particular behavior is a consequence of the inverse dependence of T

(k)

cl on energy difference
between adjacent n values, which is constant for k = 2. Thus, |(J, θ)(2), t〉 has the same
modulus of the amplitude as that of |(J, θ)(2),0〉 and differs only by a phase factor.

4.2 Infinite Square Well

The limiting case, k → ∞, defines an infinite square well as seen from (1). Thus, eigenvalues
e(∞)
n = n(n + 2), and the parameter ρ(∞)

n = n!(n + 2)!/2 are obtained, respectively, from (9)
and (15). The GK CS is, therefore, written as

∣
∣(J, θ)(∞)

〉 = 1
√

N(∞)(J )

∞
∑

n=0

J
n
2 e−in(n+2)θ

√
n!(n + 2)!/2

|n〉, (34)

with the normalization factor

N(∞)(J ) = 2
∞

∑

n=0

J n

n!(n + 2)! ,

and weighting distribution

∣
∣c(∞)

n

∣
∣
2 = 2

N(∞)(J )

J n

n!(n + 2)! .

The mean value of this distribution is calculated as,

〈n〉 = 1

N(∞)(J )

∞
∑

n=0

2J n

(n − 1)!(n + 2)! . (35)

The unitary operator, Û (∞)(t), defined as time evolution operator and given in (20) leads us
to the time evolved GK CS for k = ∞. Hence, the operation of Û (∞)(t) on the initial state
given in (34), provides us time dependent GK CS as,

∣
∣(J, θ)(∞), t

〉 = 1
√

N(∞)(J )

∞
∑

n=0

J
n
2 e−in(n+2)(θ+ω(∞)t)

√
n!(n + 2)! |n〉. (36)

In contrast to |(J, θ)(2), t〉, the phase of the time evolved states, |(J, θ)(∞), t〉, possesses
a nonlinear dependence on quantum number n. The classical period for these states is

T
(∞)

cl = 1

π(〈n〉 + 1)
. (37)
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Fig. 3 We show modulus square of autocorrelation function, |A(t)|2, given in (22) as a function of time, t ,
for infinite square well (k → ∞) for: (a) J = 38.05, (b) J = 125.6, (c) J = 263.1, and (d) J = 975.61

The nonlinearity of the energy spectrum introduces a dephasing effect in adjacent terms of
the summation which leads to the dispersion after a few classical periods, thus, GK CS ob-
serves collapse as the phase difference maximizes. Later, a restructuring of these states takes
place as all contributing terms in the summation display a phase matching which results in
the reconstruction of the initial state, at the time of revival, given as

T (∞)
rev = 2

π
. (38)

The quantum mechanical revival time, T (k)
rev , is inversely proportional to the difference of

frequencies between adjacent n values. For k = ∞ the difference between frequencies be-
come constant which as a consequence makes T (∞)

rev , independent of 〈n〉 and a constant, and
T (∞)

sr = ∞. The phenomena of collapse and revival for GK CS of infinite square well is
shown in Fig. 3.

As discussed earlier, the classical period and quantum revival time for GK CSs of power-
law potentials depend on parameter J through the mean value, 〈n〉, of the weighting dis-
tribution, such that, 〈n〉 has direct proportion with J as given in (35) and shown in Fig. 1.
Therefore, the classical period, T (∞)

cl , given in (37), displays an inverse proportionality on J .
Equation (38), however, shows that quantum revival time, T (∞)

rev , is independent of 〈n〉 and,
therefore, does not exhibit any dependence on J . This fact leads us to conclude that for the
higher values of J , revival of GK CS occur after larger number of classical periods and vice
versa, as seen in Fig. 3.

We present the probability distribution as function of space, at t = 0, for different values
of J , as shown in Fig. 4. We note that increasing values of J shift the center of the initial state
towards the left wall and lead to a narrower localization in space. Moreover, a single peak
of initial probability density at lower values of J splits into multiple peaks as J increases.
The spatio-temporal evolution of GK CS of the infinite square well displays the manifesta-
tion of constructive and destructive interferences which is governed by the time-dependent
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Fig. 4 Initial spatial localization of GK CS of infinite square well, P(x,0) = |〈x|(J, θ)(∞)〉|2, for:
(a) J = 38.05, (b) J = 125.6, (c) J = 273.1, and (d) J = 975.61

interference term, that is,

Re

[

4

aN(∞)(J )

∞
∑

m�=n

J
(n+m)

2
√

ρ
(∞)
n ρ

(∞)
m

sin

(
nπx

a

)

sin

(
mπx

a

)

e−i(e
(∞)
n −e

(∞)
m )(θ+ω(∞)t)

]

,

as shown in Fig. 5. Hence, we observe that GK CS of the infinite square well potential
display collapse and later in time develops fractional revivals and revivals.

4.3 Triangular Well Potential

Power-law potentials for k = 1, and V0/a = mg, define a triangular well potential with an
infinite wall at x = 0 where x > 0 as the accessible region. In this situation, we define the
dimensionless eigenenergy e(1)

n from (9), such that, e(1)
n = (n + 3/4)2/3 − (3/4)2/3  (n)2/3,

whereas the parameter ρ(1)
n is ρ(1)

n = (n!)2/3. The GK CS of triangular well potential take the
form

∣
∣(J, θ)(1)

〉 = 1
√

N(1)(J )

∞
∑

n=0

J
n
2 e−in2/3θ

√

(n!)2/3
|n〉, (39)

where the normalization constant is given as

N(1)(J ) =
∞

∑

n=0

J n

(n!)2/3
,



Int J Theor Phys (2010) 49: 2540–2557 2553

Fig. 5 Contour plots of the probability density P(x, t) that show the space-time evolution of states,
|(J, θ)(∞)〉, for: (a) J = 38.05, (b) J = 125.6 and (c) J = 263.1

and the weighting distribution of these states is

|c(1)
n |2 = J n

N(1)(J )(n!)2/3
.

In addition, the mean value, 〈n〉, is

〈n〉 = 1

N(1)(J )

∞
∑

n=0

nJ n

(n!)2/3
. (40)

The unitary operator Û (1)(t) transforms the states in (39) into

∣
∣(J, θ)(1), t

〉 = 1
√

N(1)(J )

∞
∑

n=0

J
n
2 e−in(2/3)(θ+ω(1)t)

√

(n!)2/3
|n〉 (41)

which shows that the phase term has a nonlinear dependence on quantum number, n. There-
fore, GK CS of triangular well potential observes collapse in the course of its time evolution,
after few classical periods, as displayed in Fig. 6. The classical period T

(1)

cl , quantum revival
time, T (1)

rev , and super revival time, T (1)
sr , for these states, respectively, are

T
(1)

cl = 3π

ω(1)
(〈n〉)1/3, (42)

T (1)
rev = 18π

ω(1)
(〈n〉)4/3, (43)

T (1)
sr = 81π

2ω(1)
(〈n〉)7/3. (44)

In contrast to the harmonic oscillator and infinite square well, GK CS of triangular well
potential has T

(1)

cl and T (1)
rev which depend on mean value 〈n〉 of initial distribution and,
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Fig. 6 We show modulus square of autocorrelation function, |A(t)|2, given in (22) as a function of time, t ,
upto first twenty classical periods for (k = 1) and: (a) J = 2.82, (b) J = 4.56, (c) J = 6.01, and (d) J = 9.61

therefore, depend on parameter J , as given in (40). However, the dependence of T (1)
rev on 〈n〉

and, as a consequence on J , is higher than that of T
(1)

cl , since, T
(1)

cl ∝ (〈n〉)1/3 and T (1)
rev ∝

(〈n〉)4/3. Hence, as the value of J increases the collapse and then revival of the initial GK
CS occur after larger number of classical periods and vice versa, as displayed in Fig. 6.
In the triangular well potential, however, we do not find exact revival of the initial state at
time t = T (1)

rev which is due to the relative importance of higher order terms in the expansion
in (26). Moreover, from (42) and (43), we find the interdependence of T

(1)

cl and T (1)
rev , that is,

T (1)
rev = 6T

(1)

cl 〈n〉.
In Fig. 7 we show the probability density of state |(J, θ)(1)〉, after different evolution

times. It is seen that probability density at t = 0 exhibit a single peak that splits into multiple-
peaks after few classical periods. The subsequent dynamics of these multiple-peaks interfere
with each other and results in the collapse of the initial states. The interference is governed
by the time-dependent part of the probability density,

2 Re

[

1

N(1)(J )

∞
∑

m�=n

J
(n+m)

2

√

ρ
(1)
n ρ

(1)
m

ψn(ζ )ψ∗
m(ζ )e−i(e

(1)
n −e

(1)
m )(θ+ω(1)t)

]

,

where, ψn(ζ ) = Nn Ai(ζ − ζn), and, ζ = x/x0, is the rescaled position. The resulting space-
time dynamics is displayed in Fig. 8 by means of a quantum carpet which shows a gradually
dominatory destructive interference, beyond t = 0, which results in the collapse of GK CS.
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Fig. 7 (Color online) We show probability density function, P (1)(x, t) = |〈x|e−iω(1)X̂
(1)
N

t |(J, θ)(1)〉|2 for

triangular well potential after different evolution times: (a) t = 0 (blue) and t = 1/2T
(1)
(cl)

(pink), (b) t = 1T
(1)
(cl)

(c) t = 2T
(1)
(cl) , (d) t = 3T

(1)
(cl)

5 Discussion

We have constructed Gazeau-Klauder coherent states for a variety of Hamiltonian systems
defined by power-law exponents: the harmonic oscillator, the infinite square well, and the tri-
angular well potential, where the last two become the examples of, respectively, tightly bind-
ing potentials and loosely binding potentials of power-law potentials. The Gazeau-Klauder
coherent states, |(J, θ)(k)〉, fulfill the requirements of normalization, continuity in both pa-
rameters J and θ , resolution of unity, and action identity. We study the dynamical char-
acteristics of these states by using the auto-correlation function and the probability density
function. We show that GK CSs follow nondispersive dynamics as long as underlying energy
spectrum of the system is linear, that is, for GK CS of the harmonic oscillator, in general,
however, they disperse after few classical periods and a gradual dephasing between con-
tributing terms in the probability density leads to a collapse. Many classical periods latter,
a revival of initial state takes place under the condition of phase matching. The effect of
anharmonicity of the energy spectrum is shown by space-time evolution of the probability
density which leads to the formation of space-time interference structures as quantum car-
pets [21, 22]. Hence, quantum states constructed following the Gazeau-Klauder formalism
display dispersive behavior as a consequence of nonlinear dependence of energy on quantum
number n of the corresponding system.
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Fig. 8 We show contour plots of
probability density of GK CS of
triangular well potential for:
(a) J = 2.82, (b) J = 4.56,
(c) J = 6.01, and (d) J = 9.61.
The bright regions in these
carpets represent the maximum
probabilities and dark regions
represent the minimum
probabilities
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